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I review the substantial progress which has been made recently with the non-perturbative construction of 
chiral gauge theories on the lattice. In particular, I discuss three different approaches: a gauge invariant method 
using fermions which satisfy the Ginsparg-Wilson relation, and two gauge non-invariant methods, one using 
different cutoffs for the fermions and the gauge fields, and one using gauge fixing. Open problems within all three 
approaches are addressed. 



1. Introduction 

Let us start by recalling why the lattice for- 
mulation of vector-like gauge theories such as 
QCD is so successful. Lattice QCD is manifestly 
gauge invariant, and this implies that gauge de- 
grees of freedom decouple in the regulated the- 
ory, i.e. at any momentum scale. It is because 
of this that it is possible to find lattice formu- 
lations of QCD for which a hermitian, positive 
definite transfer matrix can be constructed, im- 
plying unitarity of the regulated theory. In ad- 
dition, we have weak-coupling perturbation the- 
ory (WCPT), which tells us how to take the 
continuum limit, and what the scaling behavior 
of the theory looks like. In particular, because 
of WCPT and asymptotic freedom, the number 
of quarks in the theory is determined by the 
free quark action. If, for instance, we use Wil- 
son fermions, the fermion spectrum is undoubled, 
with the doubler modes all having energies of or- 
der 1/a. 

In contrast, the lattice formulation of chiral 
gauge theories (ChGTs) is more complicated. 
The fundamental reason is the chiral anomaly, 
which implies that there is no exact chiral (75) 
invariance on the lattice jjj. The converse of 
this is the well-known Nielsen-Ninomiya theorem, 
which says that a local lattice theory with exact 
75 invariance is in fact vector-like ||: the the- 
ory has fermion doublers, and the fermions that 
emerge in the continuum limit transform in a 
vector-like representation of the (would-be) chi- 



ral symmetry group. (Non-local theories, such 
as those using SLAC j| or Rebbifl derivatives, 
have even more severe problems |j-|7| . ) 

This implies that in order to "keep a symmetry 
chiral," (and have each fermion produce its con- 
tribution to the chiral anomaly) , chiral symmetry 
has to be broken on the lattice. If the chiral sym- 
metry is to be gauged, as in ChGTs, this means 
breaking gauge invariance, and we have to worry 
about the gauge degrees of freedom (gdofs). 

An example will illustrate the importance of 
this issue. Throughout this talk, I will assume 
that all fermions coupling to the gauge fields 
are left handed (LH). (All RH fermions can be 
written as LH through charge conjugation in 
four dimensions.) Remove the doublers with a 
momentum-dependent Wilson mass term H 



(i) 



where ip R is a gauge-neutral spectator fermion in- 
troduced solely in order to give the doublers of 
the charged LH fermion field ipL a mass. This 
term breaks gauge invariance, whether we make 
the laplacian covariant or not, and hence, for sim- 
plicity, I will not do so. After a gauge transfor- 
mation ^£ — > Qipli this becomes 



Mx)n(^(x)^ L (x)) +h.c.) 



(2) 



At this point $ is a random field, and, for r not 
too large, we expect that (&(x)) = 0; hence 



^doubler 



(#(*)> =0. 



(3) 
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$ represents the gdofs, and we see that it couples 
to the fermions because the Wilson term breaks 
gauge invariance. (Indeed, the Wilson term leads 
to the correct expression for the triangle diagram 
for smooth gauge fields (!]] . ) The dynamics of this 
coupling has drastic consequences for the fermion 
spectrum: the doublers come back, and the gauge 
theory is vector-like! (See e.g. ref. for large r.) 

If we supply dynamics for $ to give it a vacuum 
expectation value v = (<&) ^ 0, we get 

^-doubler ^ ^ v ^° m gaugc field ■ (4) 

and the theory is still not really chiral, because 
v sets the scale of both the doubler and gauge- 
field masses. (This is essentially the idea behind 
mirror fermions ]Io|j .) Clearly, we need more so- 
phisticated dynamics for $ if an approach like this 
is to work. We have in principle two options: 1 

A. Use ordinary chiral symmetry. If this is 
gauged, gauge invariance has to be broken on 
the lattice, and the gdofs couple to the fermions. 
Therefore the dynamics of the gdofs has to be 
controlled such that disasters as in our example 
above do not happen. Clearly, it is not enough to 
give a prescription for the fermion determinant: 
we need the "back reaction" on the fermions in 
order to find out whether or not the fermion 
spectrum remains chiral. Realizations of this ap- 
proach will be reviewed in sect. 3. 

B. Change chiral symmetry on the lattice to make 
it compatible with exact gauge invariance and 
doubler masses. 

That the latter option can be realized was ac- 
tually discovered rather recently, and came some- 
what as a surprise. Modify the axial transforma- 
tion rule of ijj, but not ip, by a term of order a 




Sip = T75 (1 - aO)ip = Tj 5 tp , Sip = 1P75T , (5) 

where T are the generators of some Lie group, and 
O is an operator of mass dimension one. Choose 
O such that, in the free theory, aOip — for 
p = 0, but aOip = 2 for p = (tt/o, 0,0,0) etc. 
This changes the transformation of ip into 

<ty(p = 0) = J W(P - 0) , (6) 

x Not everyoneagrees that there are only these two options. 
See e.g. ref. [n4| and refs. therein. 



5ip(p — ir/a) = —T r y$'ip(p = ir/a). 

This makes it possible to give modes at p — ir/a 
a mass, without violating this symmetry. This 
new version of chiral symmetry has to satisfy two 
more requirements. First, we wish the symmetry 
group to be the same as that of the continuum 
theory. We therefore need 

7 5 2 ^[ 75 (l-aO)] 2 = l, (7) 

which is the same as stating that O satisfies the 
Ginsparg-Wilson (GW) relation p2| 

{0, To } = aO l5 0. (8) 

Second, we need a fermion action invariant under 
this symmetry. To this end, we choose O = D, 
with D a gauge-covariant lattice Dirac operator 
satisfying eq. (j^), and invariance under eq. (^) 
then follows. In this talk, I will choose D to be 
the overlap operator of ref. |ll| . The application 
of this idea to ChGTs is the topic of the next sec- 
tion. Note that the transformation rules of ip and 
ip are not related. This is no problem in the eu- 
clidean formulation, but raises the question how 
this would carry over to a canonical formalism. 

2. Gauge invariant approach 

2.1. Chiral fermion determinant 

With a Dirac operator obeying the GW rela- 
tion, chiral projections of the fermion fields can 
be consistently defined as |l5|JT^ ] 

= PLfl> = \{l-W, (9) 

and the action for a ChGT is then latticized 
as S = ^ipp/DipL, which is consistent because 
.D75 = — 75-D. The fermion determinant is de- 
fined (up to a phase) by expanding V'l(^) = 
Y^i c i v i( x ) res P- ^Pr( x ) = Y, 3 Vj{x)c.j on com- 
plete sets of states {vi} resp. {vj}, with %Vi — 
—Vi, Vjj5 — Vj, and c^, Cj Grassmann variables: 

det M = J Y[ Y[ dej e -~ CkMklCe , (10) 
' j 
M M = v k Dve . 
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The overlap-Dirac operator is 

D = l + 75e(#)> (11) 

with -D^tison 88 ^ e standard Dirac-Wilson oper- 
ator with vanishing bare mass, and e(H) is the 
sign of H. It follows that |0Pl 



e(F) = - 75 (1 - D) = -75 M M = 2v k v e . (12) 

Hence, {vi} {{Vj}) is a complete set of states of 
H (H' = 75) with H > (H' > 0), and we can 
make contact with the overlap definition of the 
fcrmion determinant 1191 



det Mcx (0- \0+)u, 



(13) 



where |0+)j/ (|0— )) is the many-body ground 
state of —H (-H'). In fact, such a relation can 
be established for any D satisfying the GW rela- 
tion |l7[ , but D as defined in eq. ( |ll| ) is local if 
the gauge field is restricted to satisfy 



|tr(l — £/ p laquette)| < £ : 



(14) 



with e < 1/30 @. 

This definition of the fcrmion determinant is 
not complete. There is an arbitrariness in the 
choice of basis {vi}, which depends on the back- 
ground gauge field U, because 75 depends on U. 
This leads to a phase ambiguity in the determi- 
nant, which, in the overlap formulation, corre- 
sponds to the phase ambiguity in the choice of 
|0+)[/. The choice of phase has to break gauge 
invariance, so that each fermion in a complex irre- 
ducible representation will contribute its share of 
the chiral anomaly (even if the complete fermion 
representation is anomaly free). The question is 
whether this phase can be chosen such that gauge 
invariance is preserved for anomaly- free theories. 

2.2. Phase choice — overlap 

In the original overlap formulation, the phase 
was determined a la Wigner-Brillouin by choos- 
ing i(0 + |0+)(7 real and positive (so that only 
a [/-independent ambiguity remains) fl9|| . This 
phase choice breaks gauge invariance also for an 
anomaly-free fermion spectrum. Therefore, the 
key question is whether the resulting unphysical 
interactions between fermions and gdofs alter the 
fcrmion spectrum, as explained in section 1. 



The issue of gauge invariance has been studied 
in detail in a two-dimensional U(l) model with 
four LH fermions of charge 1 and one RH fermion 
of charge 2 (which is anomaly free in d = 2) 
f2l]j22]| . The most complete investigation in this 
context is that of ref. |22| , and I will highlight 
here some of the conclusions of this work. Start- 
ing from some smooth gauge field U^x) in a finite 
volume L x L, consider the singular gauge field 



U<?\x) = 



(15) 



with c M arbitrary constants, for some x^. This 
gauge field is gauge equivalent to the smooth field 



U^\x) =e 2mc » /L U^(x). 



(16) 



Therefore, in this anomaly-free theory, the 
fcrmion determinant should be the same for both 
configurations if it were to be gauge invariant, for 
all c M . However, ref. |2^] found that the imaginary 
part, arg det M, changes by O(l) for > 1/4, 
also in the continuum limit, 1/L — > 0. 

An equilibrium ensemble of lattice gauge fields 
contains mostly fields with many singularities 
such as the one described above. While no sys- 
tematic classification exists, I expect that this 
lack of gauge invariance is a generic property of 
lattice gauge fields, and not a "set-of-measure- 



zero" problem. (Note that ref. |21| only consid- 
ered gauge fields with singularities on the bound- 
ary.) In fact, the class of gauge fields considered 
above includes fields with vanishing field strength, 
but non-trivial Polyakov loops. On the U(l) 
trivial orbit (with trivial Polyakov loops) it was 
proven that the determinant is gauge invariant 
in two dimensions p9| , but this is a very special 
case, and only valid in two dimensions. It was 
shown that even on the trivial orbit the overlap 
definition with WB phase choice is equivalent to a 
theory with domain- wall fermions in a waveguide, 
with both doublers and ghosts appearing dynam- 
ically on the waveguide boundaries J23j] . While 
the doubler- and ghost-contributions to the de- 
terminant may cancel in two dimensions on the 
£7(1) trivial orbit, this is certainly not the case 
for general gauge fields in four dimensions. 

In summary, the WB phase choice is not gauge 
invariant even for anomaly-free theories, and 
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there is good reason to expect that this damages 
the chiral nature of the fermion spectrum. Note 
again that, in order to probe this issue, the back 
reaction of the gauge field (in particular the gd- 
ofs) has to be considered. 

2.3. Liischer's phase choice 

A different way of choosing the phase of the 
determinant was proposed by Liischer Jl^,Q (see 
also ref . p5| ) . Under an infinitesimal deformation 
of the gauge field 5U^(x) — irj^ (x) U^x) we have 

SlogdetM ^(D^PrSDPl) +^ rjffl{x), (17) 

where the first term comes from the variation 
of the action. The second term, equal to 
x vj [x)6vi(x) and defining the current j^(x), 
comes from the measure = T)"T a with T a the 
gauge-group generators). Specializing to a gauge 
variation -q^ = \/fj,(U)w, with V M (f7) the gauge- 
covariant forward difference operator, this yields 

SlogdetM = *X>° [^(aO-(V;^,) a (*)] , 

X 

A a = -itr(%T a ), (18) 

with V* the covariant backward difference oper- 
ator. The current j° is determined by the choice 
of measure 0. What one would like to do, is to 
choose the measure such that the determinant is 
gauge invariant, i.e. such that 



m fl r(x)=A a (x). 



(19) 



This is, however, not the only requirement. j^(x) 
has to be local and gauge covariant, so that the 
equations of motion for the gauge field (derived 
with the help of eq. (|l7j)) are local and gauge co- 
variant. Furthermore, j^(x) has to satisfy an in- 
tegrability condition. Consider a family of gauge 
fields Ufj,(x;i) with < t < 1 interpolating be- 
tween two gauge fields U^(x; 0) and U^ix; 1). Ev- 
idently, we have 



det M(U(t = 1)) 
det M(U(t = 0)) 



dtd t logdetM(U(t)).(20) 



log 



The rhs of eq. ( J20[ ) must therefore be independent 
of the path Uy,{x\t), when expressed in terms of 

2 which, in turn, uniquely specifies the measure |15| 



the current j", using eq. ( |l7| ) with -q^ — dtU^U^ 1 . 
This defines the integrability condition on the 
current j". 

It is useful to consider the mathematical prob- 
lem of the existence and construction of a current 
satisfying all these conditions first in the classical 
continuum limit. For a — > 0, 



A a (x) ex d abc e^ pa F b ^(x)F c p<T (x), 



(21) 



jabc 



tr({T a , T b }T c ) 



and eq. ( |19[ ) reduces to the well-known (local) 
anomaly-cancellation condition of the continuum: 
It is well-known that a current satisfying all con- 
ditions cannot be constructed unless d abc = 0. 
(If d abc = 0, we can choose j^(x) = in the 
classical continuum limit.) We recover the stan- 
dard anomaly condition from the lattice (as we 
would from any of the other proposals discussed 
in this review!). The key question is now whether 
d abc = is also sufficient on the lattice. 

For a generic lattice definition of the fermion 
determinant which agrees with the continuum for 
a — > 0, the answer is no. In general, one has, in a 
theory with d abc = @, 



<L log det M = 0(aA, ap) = 0{l) . 



(22) 



because a A and ap (with U = exp(za^l) and p the 
momentum scale) are not small for typical lattice 
gauge fields. 

In the case at hand, however, we know much 
more about the structure of the anomaly on the 
lattice, A a (x). Using that D satisfies the GW 
relation (and hence 75 = 1), it can be proven 
that A a (x) is related to a topological field q(z) in 
4 + 2 dimensions (z = (x; s, t) with s, t the extra 
coordinates^), i.e. 



J dsdt^Sqiz) = 0, 



(23) 



for any (local) deformation of the (six- 
dimensional) gauge field [pi) . This is basically a 
lattice version of the relation between the non- 
abelian anomaly in d dimensions and the abelian 
anomaly in d + 2 dimensions through the descent 
equations f27j| . For the four-dimensional abelian 
theory A(x) is itself a topological field [p^| . 

3 The two extra dimensions are continuous. 
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Liischer then proved the following theorem []24j : 

q(z) = total derivative <^4> There exists a cur- 
rent j° with all the desired properties 

(modulo global obstructions, because the dif- 
ferential version of eq. (|20| ) was used; see below). 
The question thus reduces to whether d abc = is 
enough to ensure that q(z) is a total divergence. 

In the abelian case the answer is, in fact, yes 
15. 2q], in theories in which there is an even num- 
ber of fermions for each odd charge. (For a refor- 
mulation of this choice of phase in overlap lan- 
guage in the abelian case, see ref. p9|].) 

In the non-abelian case there is, as of now, no 
non-perturbative answer. The answer is again 
yes to all orders in an expansion in a p4[ , and, 
even stronger, to all orders in an expansion in the 
gauge coupling g 

The approach of ref. |3lJ is different, and deals 
with the consistent anomaly A instead of the co- 
variant anomaly A (eq. (|l8|)), without a priori 
specifying action or measure. A is the variation 
of the effective action log det M, and satisfies the 
Wess-Zumino consistency condition [B2| 



A = S BRST log det M => <5 B rst-4 = . 



(24) 



It is then proven for the non-abelian case that, 
if A is local and smooth and d abc = 0, A can 
be written as the BRST variation of a local and 
smooth functional 



A = <$BRST# , 



(25) 



which can therefore be interpreted as a counter 
term. The proof is again given to all orders in g. 

In the abelian case, the condition d abc — re- 
duces to the requirement that e| = 0, where 
the sum is over all (LH) fermions (each with 
charge e^) in the theory. It was possible to com- 
plete the construction of the gauge-invariant de- 
terminant for the anomaly-free case because it 
was possible to give a complete description of 
the (admissible; see below) gauge-field configura- 
tion space in finite volume (with periodic bound- 
ary conditions) |lq| . In fact, in finite volume 
one can also address the issue of global obstruc- 
tions, and, an additional condition for integrabil- 
ity is that there be an even number of fermions 



for each odd charge. A similar analysis in the 
non-abelian case is much harder, and the pro- 
gram of non-perturbatively constructing a gauge- 
invariant fermion determinant for anomaly-free 
ChGTs has not been completed. 

In the abelian case, it was found that the gauge 
fields have to be admissible, that is, the gauge 
fields have to satisfy the constraint 



plaqucttc 



< 



(26) 



in order to avoid topological fields which are not 
a total divergence, even in the anomaly-free case 
|l5| ] . This constraint is independent from, but im- 
plied by, the constraint eq. (lj), which guarantees 
locality of the overlap-Dirac operator. Obviously, 
this constraint will have to be taken into account 
in numerical simulations of an abelian ChGT us- 
ing this approach. 

In any numerical simulation of a ChGT, the 
most severe problem will be the fact that a eu- 
clidean chiral determinant has a complex phase. 
This is a property inherent to ChGTs, and thus 
cannot be avoided, irrespective of the details of 
the lattice formulation. A problem more specific 
to the gauge-invariant approach is the need for a 
very accurate approximation to 75 = —e(H) = 
—H/ V H 2 . Since the properties of 75 play a cru- 
cial role in the proof of gauge invariance, the situ- 
ation is unlike that in QCD with overlap fermions, 
where an approximate 75 (or, equivalently, an 
operator D satisfying GW only approximately) 
breaks chiral symmetry, but not gauge invariance. 
Here, an approximate 75 breaks gauge invariance, 
and in such a situation the gdofs couple to the 
physical sector. One expects that for a very good 
approximation of 75 the phase of the determinant 
should be very close to its exact value for any lat- 
tice gauge field. On the other hand, in terms of a 
phase diagram, breaking gauge invariance implies 
moving away from the gauge-invariant subspace 
(in particular from the gauge-invariant critical 
point), and it would be interesting to understand 
how the decoupling of gdofs takes place with suc- 
cessively better approximations to 75. 

One systematic way of approximating the 
overlap-Dirac operator D, and hence 75, is 
through domain-wall fermions in the limit of in- 
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finite fifth dimension []33| — |35f| - The connection 
between domain-wall fermions and the overlap- 
Dirac operator in the context of Liischer's con- 
struction of ChGTs has been considered in 
ref. |36). It was proven that, for smooth gauge 
fields (i.e. in the limit a — > 0) and for d abc = 0, 
the imaginary part of Liischer's chiral fermion de- 
terminant is related to the r\ invariant pTij] : 

T , det M(U(t = 1)) 

where formally r\ — X)a^o TXT> w ith A the eigenval- 
ues of the five-dimensional Dirac operator = 
«75^5 + ip{U(x, t)). This is precisely the domain- 
wall Dirac operator with Shamir's boundary con- 
ditions [M (with a continuous fifth dimension) |j] 
However, at present this approach has not yet led 
to a gauge-invariant definition of the determinant 
through domain- wall fermions. 

2.4. Applications 

While the program of defining a gauge- 
invariant chiral fermion determinant on the lat- 
tice starting from the symmetry eq. (g) is not 
complete, and numerical simulations are certainly 
difficult, this approach has led to some interesting 
theoretical developments. 

First, as I have mentioned already above, the 
program was completed in perturbation theory 
]3Q] . This means that, to all orders in perturba- 
tion theory, an anomaly-free ChGT can be put 
on the lattice without violating gauge invariance. 
In perturbation theory, the locality constraint 
eq. ( pT| ) is automatically satisfied, and therefore 
the theory is also local. 

This lattice formulation of anomaly-free 
ChGTs thus provides a manifestly gauge- 
invariant four-dimensional perturbative regulator 
for ChGTs. As such, it should be of practical in- 
terest for instance in the calculation of perturba- 
tive corrections in the electro- weak sector of the 
Standard Model and for electro-weak hadronic 
matrix elements. A property which is not mani- 
fest in this lattice formulation is unitarity. With 
the program being complete in perturbation the- 
ory, it should be possible to establish unitarity of 



anomaly-free gauge theories at least to all orders 
perturbatively. 

Another interesting application of the construc- 
tion of abelian ChGTs is that it can be extended 
to include the full electro-weak (U(1)y x SU(2) l ) 
sector of the Standard Model |3{|. The essen- 
tial ingredient is that the gauge-fermion sector of 
the Standard Model is chiral only because of the 
presence of U(1)y (all representations of SU(2) 
are pseudo-real). This makes it possible to carry 
over the non-perturbative construction of abelian 
ChGTs of ref. as was done in ref. ||].0 The 
construction was carried out in infinite volume, 
i.e. without consideration of global obstructions 
to the integrability condition (20). 

There may exist global obstructions to the in- 
tegrability condition eq. (|2^) in its integral form. 
Even if this condition is satisfied in its local (dif- 
ferential) form, it may still be that the rhs of 
eq. (|2^), when expressed in terms of eq. (pT[), is 
not independent of the path in general, or equiva- 
lently, that a closed path exists for which the rhs 
does not vanish. In fact, such a closed path exists 
for a single chiral fermion in the fundamental rep- 
resentation of 5/7(2) ^(J. Hence, such a theory 
has a global anomaly. Moreover, ref. jl0| showed 
that this obstruction of the integrability condition 
is precisely the way in which the Witten anomaly 
fri~i|| manifests itself in this regularization of an 
SU(2) ChGT, and also considered other SU(2) 
representations . 

While this is a very nice result, it is not the 
same as a complete classification of all global ob- 
structions in (this definition of) ChGTs. A com- 
plete classification would be necessary in order to 
construct lattice ChGTs in a finite volume, and 
would entail a study of all possible closed paths in 
the relevant gauge-field space. Such an endeavor 
is obviously much more ambitious. It should be 
said in this respect that the other proposals dis- 
cussed in this talk do not lend themselves to a 
systematic analytic study of global obstructions. 

To close this section, I mention some work on 
the family-index theorem for the overlap opera- 
tor E3]. While potentially interesting, thus far 



4 In the continuum, the relation between domai n-wa ll 
fermions and the r\ invariant was established in ref. 138 . 



5 Since 5(7(3) does not share this property, the construc- 
tion does not extend to SU(3) co \ or . 
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only the necessary requirement that d — in a 
lattice definition of a ChGT has been recovered. 

3. Gauge non-invariant approach 

I now return to "option A" in the Introduction, 
the construction of lattice ChGTs using ordinary 
chiral symmetry, which leads us to consider gauge 
non-invariant approaches. 

As we have seen in the Introduction, great care 
has to be taken with respect to the dynamics of 
the gdofs in any approach which is not gauge in- 
variant on the lattice. We start again by consid- 
ering Wilson fermions. The Wilson mass term is 
not gauge invariant, as shown in eq. (||), where 
the gdofs <E> have been made explicit. The lattice 
action is invariant under the extended symmetry 

1>l(x) - h L (x)1>l(x), (28) 

$(x) - h R $(x)h[(x). 

The local symmetry hi,(x) is, of course, not the 
symmetry of the ChGT we are after, because it 
transforms both physical degrees of freedom (ipl) 
as well as unphysical ones (<fr). Our task is to 
control the dynamics of <E> such that 

1) $ decouples from the physical spectrum; 

2) ($) = 0, i.e. the gauge group is unbroken; 

3) there are undoubled (massless) charged LH 
fermions, and no charged RH fermions. 

The latter two requirements are well-defined in 
the theory in which the gauge field is constrained 
to be longitudinal, keeping the interactions be- 
tween the fermions and the gdofs (cf. eq. (0)). 
The transverse degrees gauge fields are controlled 
by the gauge coupling g, and, as in QCD, are not 
expected to change the chirality of the fermions 
to which they couple. 

Before I review two specific proposals on how to 
do this, let us make one more general observation. 
One may define a charged RH field 

tP c R = $t^« ) so that _^ hL ^c ^ ( 2 g) 

and one can then find out what states are created 
by ip c L and ip^ from the charged propagator 

S c (p) = {^ c {pW{x))e^ . (30) 



It was shown in ref. |t3j that if the inverse of this 
propagator has a continuous first derivative, the 
Nielsen-Ninomiya theorem applies, and hence, 
that species doubling occurs, rendering the gauge 
theory non-chiral. Therefore, for any given pro- 
posal, we need to find singularities in the charged 
fermion propagator, and understand their nature. 
This will be a key point in my discussion of the 
two concrete proposals below. 

3.1. Two cutoff method 

One proposal is to regularize a ChGT with 
different cutoffs for the fermions and the gauge 
fields pl|-p0[ . This can be done in many different 
ways. Here I will discuss the implementation in 
which the gauge fields live on a lattice with spac- 
ing 6, and the fermions on a lattice with spacing 
/ -C b @Q . The gauge fields U on the coarse 
lattice are interpolated smoothly and covariantly 
to a gauge field on the fine lattice on which the 
fermions live: 

u^y) =u^{y;U v {x)) , y € H(x) , (31) 

with H (x) the coarse-lattice hypercube located at 
x, and y resp. x labeling the sites on the fine resp. 
coarse lattice. The fermions are then coupled to 
this interpolated field u. The Wilson term is still 
not gauge invariant, but roughly the idea is that 
the interpolated field now is always smooth on 
the scale /, so that the gdofs are innocuous. 

One integrates out the fermions, removing di- 
vergences (which may be gauge non-invariant!) 
with counter terms. It was then proven p(i| . fl7| 
in perturbation theory that the remaining viola- 
tions of gauge invariance are of order f 2 /b 2 , if 
the theory is anomaly free. (A similar statement 
applies to fermionic correlation functions.) The 
continuum limit is then taken by taking the limit 
f/b — ► first, and then 6^0. 

In fact, it has been suggested that one may 
not need to take the limit f/b first, but that it 
might suffice to take the ratio f/b small enough. 
This suggestion calls on an argument by Foer- 
ster, Nielsen and Ninomiya [|TJ , who proved that 
a small explicit bare mass term added to the (lat- 
tice) Yang-Mills lagrangian is irrelevant with re- 
spect to the standard Yang-Mills critical point 
at g — 0, and therefore the "small" breaking 
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of gauge invariance by this mass term does not 
change the long-distance behavior of the theory. 
(For a more complete discussion of the relevant 
phase diagram, see ref. |p2|| .) However, a very 
important difference between the case studied in 
ref. and the case at hand is that the 0(f 2 /b 2 ) 
(and higher-order) terms in the fermion determi- 
nant are non-local. Because of this I believe that 
it is unlikely that a similar argument applies to 
the case at hand. 

There is another caveat concerning the issue of 
locality: a smooth, gauge-covariant interpolation 
cannot be local ^6|! It is sufficient to demon- 
strate this in the context of a two-dimensional 
1/(1) theory. Consider a plaquette with links 
Ui (x) = e 1 ^" 6 ) ,U 2 (x + i) = e^-^ ,Ui(x + 2) = 

e i{-v+e)^ jj 2 ^ _ e »(-?r+6) ; where e ig gmalL (i 

is the unit vector in the 1-direction, etc.) The 
plaquette equals e _4lc , and the field strength is 
F12 = — 4e. In order to interpolate, we define a 
potential on the links of the coarse lattice by 

U il {x)=e iA ^ x \ \A»(x)\ <n. (32) 

The smooth interpolation of refs. for 
this simple case is 

ai(y) = Ai(x)(l-y 2 )+A 1 (x + 2)y 2 , (33) 
a 2 (y) = A 2 (x)(l-y 1 )+A 2 (x + i)y 1 , 

leading to a field strength fi 2 = d\a 2 — d 2 ai = 
4ir — 4e 7^ Fi 2 l The reason for this is that the 
winding number of our field around the plaque- 
tte does not vanish (IIi([/(l)) 7^ 0). This simple 
interpolation is not covariant. 

This problem can be solved by first performing 
a gauge transformation on t/ M , so that after the 
transformation U\{x) — e~ le , U 2 (x + 1) = e~", 
Ui(x + 2) = e", U 2 {x) = e". Interpolating again, 
one finds a gauge field a' with f 12 — — 4e, which 
does equal F 12 . (Note that a' is not a gauge 
transform of a M !) Equivalently, one may choose 
the field A such that the winding number around 
the plaquette vanishes (by choosing a different 
branch of the logarithm in eq. (|32|)), in our ex- 
ample e.g. A 2 (x) — 3ir — e, which would lead 
to /12 = — 4e. This can be done systematically 
IH , but it has to be done plaquette by plaquette 
for each coarse-lattice configuration, and hence 



makes the interpolation procedure non-local. For 
a different suggestion, see ref. Q. In four- 
dimensional non-abelian gauge theories a similar 
problem occurs, because 113(G) 7^ for any non- 
abelian group G. 

Numerical exploration of this idea is obviously 
demanding, because large lattices are required for 
the fermions, even if the coarse lattice is rather 
small. Probably because of this reason, there ex- 
ists only one non-perturbative study to date ad- 
dressing the three questions below eq. d2§|). In 
ref. |55| the interpolation approach was tested for 
a U(l) model in two dimensions, in the limit of 
vanishing gauge coupling.^] In that limit, the only 
interaction is that of the gdofs with the fermions. 
Like the gauge field U, the field <j>(x) is inter- 
polated smoothly to a field <fi — (f>(y;&(x)) with 
y G H(x) on the fermion lattice, and this inter- 
action has the form 

- \ £ (n(y)m<P(y; s(z)W£G,)+h.c.) . (34) 

V 

This Wilson- Yukawa coupling is of the form 

rq 2 5(p-q + k), k ~ ^ < j , (35) 

with p, q the fermion momenta, and k the scalar 
momentum. Because the scalar field lives on the 
coarse lattice, and is smoothly interpolated to the 
fine lattice, it contains only momenta less than or 
of order 1/6, and the S function sets p » q. This 
leads one to expect that for p, q small this cou- 
pling is irrelevant, so that this interaction will not 
affect the physical modes, while it will be strong 
for large p, q, so that it could potentially provide 
the doublers with a mass. This is not unlike a 
scenario envisaged long ago Q , which back then 
did not work |38| because all fields lived on the 
same lattice, leading to strong couplings between 
the physical and doubler modes through Wilson- 
Yukawa-like interactions. 

The scalar and fermion spectrum of this model 
was studied numerically on lattices of size up 
to L/b = 10, with lattice-spacing ratios up to 
b/ f = 8 in the quenched approximation, with no 

6 For numerical studies restricted to the fermion determi- 
nant, see ref. |pq] and refs. therein. 
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further ^-dependent terms in the action (no hop- 
ping term), i.e. $ was taken to be a random U (1) 
phase. Note that also in this case the smooth, 
covariant interpolation is non-local, in the sense 
described above. To date, there have been no an- 
alytic studies of this model. 

First, one expects (0) to vanish (<f> is a ran- 
dom field), and this is indeed what was found, 
within errors. Then, it was found that the <f> two- 
point function could be fitted satisfactorily to a 
free scalar lattice propagator for momenta < 1/6, 
with a scalar mass ~ 1.7/b. This means that 
the unphysical degrees of freedom represented by 
<\> are removed from the long-distance physics of 
the model by acquiring a mass of order the cutoff. 
Note that the correlations leading to this mass are 
entirely due to the non-local nature of the inter- 
polation, because the field <f> would otherwise be 
a random field on the scale of the coarse lattice! 

Fermion propagators were investigated in great 
detail, and here I will only be able to discuss part 
of the results. As we have seen, one important 
probe is the charged fermion propagator (|30|), for 
which numerical results are shown in fig. 1 (a very 
similar plot was obtained for the neutral fermion 
propagator). The data shown in the figure are 
obtained by first projecting S RL = PrS c Pl etc., 
and then plotting the inverse of that, as a function 
of q = (qt, 0). The apparent poles at q t — ir show 
up as a consequence of this way of representing 
the data. In fact, at least qualitatively, the data 
is well described by the ansatz 



^ sinq^P R h{q) + P L )+M{q) , (36) 



with M(q) a Wilson-like mass term, which ren- 
ders the doublers massive]^] and h(q) a function 
to be discussed below. This ansatz contains a 
free LH charged fermion, which is what we are 
aiming for. (In fact, a similar ansatz describes 
the propagator for the neutral fermion rp n = Qip c 
(not shown, cf. ref. |5j|), for which shift symme- 
try 1 59 1 implies a form as in cq. ( |36] ) with Pr and 
Pl interchanged and with M(q) exactly the Wil- 
son mass term, with only h(q) not determined by 
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Figure 1. 

Components of the charged fermion propagator, 
(S^iq))- 1 and (S^fe))" 1 . From ref. g. 



this symmetry.) Comparing this ansatz with the 
figure, we find that 

1 /q 2 , q small , 
1, g~(7r,0),(0,7r),(7r,7r) 



h(q) 



(37) 



7 The doublers can have 
two dimensions, see ref. [ 



ther non-trivial interactions in 



(an example of such a function is h(q) 1 = 
Z) M sin 2 fV + (1 - n„ cos2 (Pm/2)) 2 ). This pole is 
visible in the figure in the data for 
This implies that the RH part of the inverse 
charged propagator is singular near q = 0, the 
necessary condition for avoiding the Nielsen- 
Ninomiya theorem. However, this singularity, if 
our ansatz is correct, represents a pole in the in- 
verse propagator. Through the Ward identities 
for the symmetry ( pq ) (with Hl constant), this 
implies the existence of a pole in the vertex func- 
tion, because the charged RH channel couples to 
the gauge field. Such poles may in general lead 
to unphysical contributions to the /3-function of 
the full theory §,0. 

I believe that the puzzle about the nature of 
this singularity which apparently is present in the 
data should be resolved in order to assess the vi- 
ability of this approach to putting ChGTs on the 
lattice. While it does look that the model re- 
viewed here contains an undoubled LH charged 
fermion, it is not clear that there are no other 
light or massless unphysical modes. It should be 
noted that it is quite possible that the behav- 
ior sketched here is specific to two dimensions. 
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An analytic study, or a more detailed numerical 
study, if feasible, would obviously be helpful in 
interpreting the data appropriately. I will return 
to this approach toward the end of this section. 

3.2. Gauge fixing method 

An alternative gauge non-invariant approach 
keeps the fermions and the gauge fields on the 
same lattice, but employs gauge fixing in order to 
control the gdofs |30|-|i3| . The central observation 
is that gauge fixing gives us the possibility to con- 
trol both the transverse and longitudinal gauge 
fields in lattice perturbation theory, provided a 
suitable lattice action is chosen [M (see below). 
In particular, gauge fixing suppresses fluctuations 
of the longitudinal components (the gdofs), and 
we will see that this makes it possible to keep 
the fermions chiral, unlike e.g. the example dis- 
cussed in the Introduction. However, as we will 
see, in order to turn lattice perturbation theory 
into a valid, systematic expansion scheme, non- 
perturbative considerations are important. 

Again, I will consider Wilson fermions, with 
a momentum-dependent mass term as in eq. ([!]) 
in order to remove doublers. In the gauge-fixing 
approach one adds to the naively discretized the- 
ory with charged LH fermions and neutral RH 
fermions the terms 

-^□^+h.c.) + £(cVW 2 (38) 

+nA 2 l + other counter terms + ghosts , 
. _ 1 

where £ is the gauge parameter, and kA^ is a 
mass counter term. Note that the parameter 
k controls the longitudinal fluctuations just like 
(3 = 1/g 2 controls the transverse fluctuations. Be- 
cause the Wilson mass term breaks gauge invari- 
ance, there is no BRST invariance on the lattice, 
and counter terms will be needed in order to re- 
cover the Slavnov-Taylor identities in the contin- 
uum limit [)oof| - I will limit myself to the abelian 
case, for which no ghost fields are needed |64| . 
Addition of the covariant gauge-fixing term in 
eq. ( |38| ) makes the theory perturbatively renor- 
malizable, and this determines the form of the 
counter terms: one simply has to add all possible 



terms up to mass dimension 4 consistent with the 
exact symmetries of the regulated theory. The 
most important of these is the gauge-field mass 
term; all others are of dimension 4 (because of 
shift symmetries j59|6(J). To this point, we are 
just describing what happens if one uses a gauge 
non-invariant perturbative regulator. 

Of course, for this to work non-perturbatively, 
the lattice version of the gauge-fixing term pro- 
portional to (d^A^) 2 has to be chosen such that 
the (non-perturbative) phase diagram of the lat- 
tice theory has a critical point which is described 
by this perturbative expansion. One has to 
choose the lattice gauge-fixing action such that 
the perturbative vacuum A = (or, on the lat- 
tice, U = 1) gives the dominant contribution in 
a saddle-point approximation to the lattice the- 
ory. That this can be done was shown in ref. . 
The idea is to choose a gauge-fixing term on the 
lattice roughly of the form k[(d ■ A) 2 + A 6 ], with 
the irrelevant A 6 term stabilizing the perturba- 
tive vacuum A — 0, without otherwise affecting 
the long-distance behavior. (This shape can be 
maintained to all orders in perturbation theory by 
adjusting the counter terms.) The phase diagram 
which emerges is shown in fig. 2, where only the 
k-k plane is shown |6l| , |6^,|65| , |66[ (see these refs. 
for other counter terms). 

Consider first the theory without fermions. In 
a bounded region around the origin, i.e. for small 
k and K, the gauge-fixing and mass terms do not 
change the critical behavior of the theory: this re- 
gion of the phase diagram is filled by a Coulomb 
phase |pl[ . Since k is small, WCPT does not ap- 
ply in this region. For large k, WCPT is applica- 
ble, and one finds a critical line where the gauge 
field is massless by tuning the counter term k to a 
critical value K c (k). For n too large, m 2 A «k-k c 
is positive, and the gauge field acquires a mass. 
For k too small, m 2 A < 0, which signals symme- 
try breaking. Since in this case A^ acquires an 
expectation value (A^) ^ 0, the broken symme- 
try is hypercubic invariance! Moreover, with our 
choice of irrelevant terms (A 6 ), this transition is 
continuous. To lowest order in WCPT, the clas- 
sical potential for the gauge field is (roughly) 

Vd = kA 2 + kA 6 . (39) 
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Figure 2. 

Sketch of the relevant part of the phase diagram 
for the gauge-fixing approach. For full details on 
the complete diagram, see ref. Q . 

Without the A e term, we would find a first or- 
der phase transition going from k > k c to k < 
k c (where at tree level k c — 0), but with the 
A 6 term, the transition is continuous. We see 
that the usual adjustment of the gauge-field mass 
counter term corresponds, as desired, to a contin- 
uous phase transition between two distinct phases 
above and below the critical line k = k c (k). For 
details, see refs. [|66|j65| ] (for an earlier informal 
account, see ref. J67[). A naive discretization of 
(d ■ A) 2 without the A 6 -like term leads to a very 
different phase diagram, without the desired crit- 
ical behavior (6l]]6(| . 

We thus recover Maxwell theory (without 
fcrmions, thus far) in two different ways: inside 
the Coulomb phase, and for large k near the crit- 
ical line k — k c (k). The difference is that lat- 
tice perturbation theory only applies in the lat- 
ter case, and this will be essential to our goal of 
obtaining undoubled chiral fermions. Inside the 
Coulomb phase, the situation would be similar to 
the example in the Introduction; the gauge-fixing 
term would not be strong enough to control the 
longitudinal gauge field, i.e. the gdofs. 

We now turn to the fermions. First, since they 
are coupled to the gauge field through the gauge 
coupling g, which is small, one expects no quali- 



tative change in the nature of the phase diagram. 
The issue is whether the "back reaction" of the 
gauge fields, in particular the gdofs, is small as 
well. Since this is now also governed by WCPT, 
one expects that the fermion spectrum does not 
differ from that of the classical continuum limit. 
This is precisely what we find. Because the dan- 
ger resides in the dynamics of the gdofs, it is 
enough to consider (again, as we did in the two- 
cutoff approach) only the interactions between 
the fermions and the gdofs. As in eq. (Q), we 
rotate ipl — > e tX tp1, and we set A^ = d^X, under 
which eq. ( |38| ) goes over into 

-^□(e^£)+h.c.) (40) 

+K(DA) 2 + K(a At A) 2 + ... , 

where . . . stand for the various A self interactions 
coming from the lattice versions of the gauge- 
fixing, mass, and other counter terms. This 
model can be studied in WCPT in by 
rescaling A = 9/V2k The following 

heuristic arguments describe what happens. 

First, near k — n c the 9 propagator goes like 
1/p 4 , i.e. the 9 field has mass dimension zero. 
Moreover, one finds that ||| 

($) = {e^)~{K-K c )\ (41) 
1 

11 ~ 32tt 2 H ' 

This is analogous to the behavior of a near mass- 
less scalar in two dimensions j6i|. This means 
that at k = k c the LH and RH symmetries (/il 
and Hr in eq. (|2§|)) are unbroken. This is an 
important result: we are after a ChGT with un- 
broken gauge symmetry, wherein the gdofs $ are 
to decouple completely! 

Second, we may now expand the Wilson term 
in eq. (|40|), obtaining 

^lnrL~^^T R n(9r L )+o(h+^-m 

The first term is the standard Wilson term, re- 
moving the fermion doublers. In addition, we see 
that the interaction terms between the fermions 
and the field 9 are all of dimension 5, and hence 
irrelevant! They may lead to contact terms in 
fcrmionic correlation functions, but they do not 
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change the long-distance behavior of the fermion 
fields. 

Of course, a more rigorous argument is needed 
to confirm this picture in the presence of the un- 
usual infrared singular behavior of the 9 field. 
A study in one-loop resummed WCPT was per- 
formed in ref. |68|| , and detailed (quenched) nu- 
merical computations were done in ref. ]7C|f35[ ,f| 
The numerical and analytic calculations are in 
good quantitative agreement with each other, and 
confirm the analysis described above. We con- 
clude that this theory contains undoubled chiral 
fermions, with the LH charged fermion coupling 
to the gauge field, and the RH neutral fermion 
decoupling in the continuum limit. The gdofs (6) 
decouple in the continuum limit as well, as they 
should. The gauge-fixing action gives the gdofs 
the sophisticated dynamics alluded to in the In- 
troduction. Since the transverse gauge field cou- 
ples weakly to the fermions, one does not expect 
any drastic change from our conclusions in the full 
theory containing both dynamical fermions and 
the full gauge field. 

The central idea in this approach is to secure 
renormalizability even in the absence of gauge in- 
variance. The key ingredient is gauge fixing, and 
one would therefore expect universality with re- 
spect to the choice of lattice fermions. This was 
indeed confirmed by a combined perturbative and 
numerical study using domain-wall fermions in- 
stead of Wilson fermions Q] . 

The main issue in extending this method to 
non-abelian ChGTs is the existence of Gribov 
copies. Little work has been done in this direc- 
tion at present, and therefore I will not devote 
much space to it here. A promising approach 
appears to be to use the non-perturbative gauge- 
fixing method proposed by Jona-Lasinio and Par- 
rinello and by Zwanziger Jr2"[ . For speculative 
thoughts on how to apply this method to ChGTs, 
see ref. [ f73[ . 

3.3. Comparison between gauge-fixing and 
two-cutoff methods 

As in subsection 3.1, we may again ask what 
happens to the charged fermion propagator in the 

8 Fermion loops appear at higher order in WCPT, and are 
not expected to change our conclusions. 



gauge-fixing approach. The charged RH fermion 
field is, as before, 

r R = = e-* e ^r R , m 

but now with 9 describing the modes of the scalar 
field $. Since this scalar field decouples from 
the fermions for a — > 0, this composite opera- 
tor describes exactly what it shows: a multipar- 
ticle state composed of RH neutral fermions and 
(higher-derivative) scalars in the continuum limit. 
The LH charged fermion itself is a free field in the 
model of eq. (|40|), and one finds for the LH, resp. 
RH components of the charged fermion propaga- 
tor HH 

PlS c (p)P r ~ P L \ , P R S c (p)P L ~ P R - V ^ , (44) 
P V 

with rj given in eq. ([i"l"|). We see that, also in the 
gauge-fixing approach, the inverse charged prop- 
agator does not have a continuous derivative at 
p = 0. But now this singularity takes the form of 
a cut occurring in the RH channel, as one would 
expect if tp R creates a multiparticle state. Be- 
cause all these excitations (il> R and 9) are mass- 
less, the cut has a branch point at p = 0. 

It is interesting to compare this with our in- 
terpretation of what happens in the two-cutoff 
approach. In both approaches the unphysical 
scalars decouple, but in different ways. In the 
two-cutoff study, the gdofs get a mass of order the 
cutoff 1/b, while in the gauge- fixing case, they are 
massless at the relevant critical point, but have no 
interactions with the physical sector. One would 
expect that these two different ways of decou- 
pling the gdofs lead to different singularities in 
the charged fermion propagator. It is possible 
that the pole-like singularity exhibited in fig. 1 
is a finite- volume artifact, and would turn into 
a branch point in infinite volume. However, the 
existence of a branch point at p = is difficult 
to reconcile with scalar fields with a mass of or- 
der the cutoff. Clearly, a better understanding is 
needed for the two-cutoff method. 

4. Conclusion 

In this talk, I have covered what I consider the 
most important developments since the last gen- 
eral review of this field (26). There has been a 
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tremendous amount of progress, and we appear 
to be much closer to satisfactory constructions of 
lattice ChGTs. However, the job is not done yet. 

Around the time of Shamir's 1995 review, the 
fundamental problem with regard to maintaining 
the chiral fermion spectrum in the presence of in- 
teractions with gdofs had been well understood, 
and both the gauge-fixing and the two-cutoff or 
interpolation methods have been proposed in or- 
der to specifically address this issue. 

More recently, Luscher has realized that it may 
even be possible to formulate ChGTs on the lat- 
tice in a manifestly gauge-invariant way, pro- 
vided that (at least) the fermion representation 
is anomaly free. In this approach, the Nielsen- 
Ninomiya theorem is circumvented by modifying 
chiral symmetry on the lattice such that it yields 
the usual chiral Ward identities in the continuum 
limit, and yet does not lead to species doubling. 
In order to define ChGTs, the phase of the chi- 
ral determinant has to be chosen so as to not 
violate gauge invariance. Obviously, the advan- 
tage of a manifestly gauge-invariant construction 
is that the gdofs decouple already from the phys- 
ical excitations at finite lattice spacing. 

In order to show that ChGTs can be put on the 
lattice in a gauge- invariant way, a complete classi- 
fication of all anomalies, both local and global, is 
necessary. Such a classification was accomplished 
for the case of abelian ChGTs. A crucial element 
is the admissibility constraint eq. (p6|). It is in- 
teresting to observe that, while this constraint is 
not expected to change the universality class in 
the weak-coupling limit [p!5[, it does change the 
strong-coupling behavior of this lattice version 
of ChGTs relative to that of vector-like theories. 
For the non-abelian case, there is a conjecture 
that the standard anomaly-cancellation condition 
d abc = is sufficient for removing all local anoma- 
lies. Little is known at present about a classifi- 
cation of global obstructions and their possible 
dependence on boundary conditions. 

It is interesting to compare this state of affairs 
with the gauge-fixing approach. The latter ap- 
proach also has succeeded in formulating abelian 
ChGTs on the lattice, while it is presently un- 
known whether it can be extended to the non- 
abelian case. Both methods admit weak-coupling 



perturbation theory, and both are perturbatively 
renormalizable. In both cases unitarity is not 
manifest, but could in principle be established 
perturbatively to all orders. 

Of course, in principle, there is a theoretical 
advantage in having a manifestly gauge-invariant 
formulation on the lattice. However, even in the 
abelian case, where progress has been sufficient to 
compare the two methods, this advantage comes 
at a price. It is clear that the gauge-invariant 
approach is more difficult to implement numeri- 
cally, because it is numerically very expensive to 
compute the overlap-Dirac operator, or equiva- 
lently, 75. Other approaches, such as gauge fix- 
ing, may be technically simpler, even if they lack 
exact gauge invariance at the regularized level. It 
is important to remember that what is required is 
only the recovery of gauge invariance in the con- 
tinuum limit, i.e. at scales much below the cutoff 
1/a. An assumption here is, of course, that the 
various different ways of putting ChGTs on the 
lattice all describe the same universality class. 

At present, there exists two types of gauge non- 
invariant methods, the one based on gauge fixing 
discussed above, and the two-cutoff or interpo- 
lation approach. The way in which the gauge- 
fixing methods avoids the Nielsen-Ninomiya the- 
orem is well understood, and it has been demon- 
strated both analytically and numerically that 
chiral fermions can be put on the lattice. The 
main problem lies in the extension of this ap- 
proach to non-abelian ChGTs, because of the is- 
sue of Gribov copies. This cannot be said of the 
two-cutoff approach, in which the behavior of the 
fermion spectrum is not fully understood beyond 
perturbation theory. The work of ref. [55| ] has 
contributed significantly to a clarification of what 
the important open problems are in this respect. 
I believe that it is important to gain more analytic 
insight in this case in order to assess its viability. 

An issue which I did not touch on in this re- 
view is that of fcrmion-number violation. In my 
view, this issue is not central to the problem of 
constructing lattice ChGTs. If an approach is 
successful, this particular problem "will take care 
of itself." This does not imply that it is not in- 
teresting to understand in detail how this works 
out for a given approach. For general discus- 
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sions of the problem within the context of lattice 
ChGTs, see refs. [[74|-[76|. In the gauge invariant 
approach, fermion number is violated just as it 
is in the continuum, through the measure of the 
fermionic path integral |15j| . For the two-cutoff 
approach, see refs. [f46| , |47f , and for the gauge- 
fixing approach, see ref. |68| . 

Finally, there is the question whether it will 
ever be possible to investigate ChGTs dynami- 
cally on the lattice. After all, while it is inter- 
esting to learn how ChGTs may be put on the 
lattice, one would like to learn more about issues 
such as dynamical symmetry breaking in ChGTs, 
for which also analytic methods have contributed 
relatively little insight. While full-fledged numer- 
ical simulations are clearly not within reach yet 
(the hardest problem being that of a complex 
measure p%), it may be possible to probe, within 
a given approach, the phase of the fermion deter- 
minant, for instance on an ensemble of quenched 
configurations. The behavior of the fluctuations 
of the phase of the determinant should tell us 
something about how different ChGTs are dy- 
namically from vector-like gauge theories. Of 
course, we are not there yet, since non-abelian 
ChGTs are more interesting than abelian ChGTs, 
and the task of putting non-abelian ChGTs on the 
lattice has not yet been completed. 
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